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Abstract—-Diffuse bifurcation modes of plane rectilinear deformations on dry sand samples are discussed.
Sand is described by a Mohr-Coulomb, single hardening, rigid-plastic model, with a non-associated flow
rule in which Rowe's stress-dilatancy principle is incorporated. The only significant diffuse bifurcation
mode in the biaxial test with mixed boundary conditions is antisymmetric buckling before localization. In
the strain controlled biaxial test internal buckling is possible everywhere in the hyperpolic regime.

INTRODUCTION
In this paper a bifurcation analysis of the biaxial test on dry sand samples is presented. This
bifurcation problem is the soil mechanics counterpart of the metal plasticity problems analyzed
by Hill and Hutchinson[1], Young[2] and more recently by Needleman[3]. The analysis is
concentrated in the discussion of diffuse bifurcation modes since the shear band analysis is
presented in previous publications by the author[4,5). For convenient reference the band
analysis is outlined here because it simplifies the discussion of the diffuse modes[1].

The constitutive model used here is the so-called rigid-granular model, which is proposed
for describing sand at low stress levels with respect to the elasticity and/or the strength of the
soil grains. The rigid-granular concept appears first in Rowe’s stress-dilatancy theory{6] and is
theoretically extended by Dietrich(7] in the theory of ‘psammic’ material, A simplified form of
the rigid-granular model, introduced by the author, has already yielded satisfactory results in
the shear band analysis of the biaxial test[S] and in the shear band and diffuse modes analysis
of the triaxial test on dry sand samples(8,9]. The basic assumptions of this model are the
following: (1) there is no material property with the dimension of stress, and (2) dilatancy is an
internal constraint and consistently the mean pressure increment is statically indeterminate.

The rigid-granular model can be related to a double hardening model, like the one proposed
by Lade[10] or more recently by Vermeer[11], if volumetric strain hardening is neglected. The
present model is also very similar in structure to the one proposed by Stéren and Rice[12] for
metals and the one by Rudnicki and Rice[13] for fissured rocks. The structure of these models
is duscussed by Needleman[13], who applies a non-dilatant, pressure sensitive model in the
bifurcation analysis of plane strain tension and compression. Similar work has been also
presented by the author in the bifurcation analysis of the biaxial and of the triaxial
test[4, 5,8, 9].

The bifurcation problem is formulated semi-inversely in terms of a perturbation solution. At
the moment of bifurcation nearly proportional loading in the sense of Shanley[14] is assumed, i.e.
this perturbation technique allows a linearization of the constitutive equations, which holds for
small deviations from the “straight ahead” continuation of the preceding loading history (see Refs.
5,8 and 13).

A Mohr-Coulomb hardening rule is assumed to be valid. The hardening rule is expressed in
terms of dimensionless stress measures, and strain hardening is measured by the shearing
intensity of the total strain. Several investigators, e.g.[10, 11], have proposed a deviation from
the Mohr-Coulomb hardening rule by introducing a dependence on the mean pressure. The
hardening rule contains then a factor of the form (p/py)®, where p is the current mean pressure
and p, is an arbitrary pressure (the exponent a is for p, = 100 kN/m? between one third and one
half). The arbitrarness of p, means that the above modifications are merely curve fittings and
not constitutive equations. An influence of the stress level into the constitutive response is
actually expected in either very high stress levels or for strain paths violating the dilatancy
constraint.
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The assumption that dilatancy is an internal constraint is a working hypothesis accompanied
by the assumptions that the mean pressure increment is statically indeterminate, These material
assumptions are to be checked in boundary value problems, where the class of solutions is not
necessarily empty.

The present constitutive model is incomplete with respect to the instantaneous modulus u
for shearing parallel to the principal axes of prestress. This freedom allows us to solve the
problem in terms of s and consequently to cover a broad spectrum of constitutive
assumptions{1]. For example, within a theory of plastic-flow like[10] or [11], u equals the
elastic shear modulus. For some deformation theories of plasticity, e.g. {9] and [12], u equals
the secant modulus of an adequate stress-strain curve. The secant modulus estimate for u
better fits the experimental results than the higher elastic value. For a granular soil 1 cannot be
an elastic constant; x must depend on the governing stress level. Within the rigid-granular
model x is proportional to the governing mean stress and can be actually fitted as a modified secant
modulus(5].

In the next chapter we discuss briefly the constitutive equations for dry sand and for plane
strain conditions, utilizing the above mentioned rigid granular behavior. Subsequently the field
equations, the band analysis and the classification of regimes are presented. Diffuse bifurcation
modes of a biaxial test with mixed boundary conditions are then analyzed, and the correspond-
ing eigenvalue equations for the physically significant cases are formulated. The eigenvalue
equations are then numerically solved for special values of the material properties, which are
characteristic for medium grained sand. Finally Biot's probléem of internal buckling{15] is
discussed as a possible diffuse bifurcation mode of a strain controlled biaxial test.

CONSTITUTIVE EQUATIONS

Let a homogeneous, cuboidal sand sample in an undistorted initial configuration C, be
subjected to a smooth, quasi-static, homogeneous rectilinear deformation. We call the resuitant
configuration C. The boundaries of the sample in C are parallel to the principal axes of the
Cauchy stress tensor oy in C, Fig. 1(a,b). In the following analysis only the x;-Cartesian
coordinate system of the principal axes of o; will be used.

For specifying further the constitutive response, the bifurcation problem is formulated
semi-inversely in terms of a perturbation solution. The bifurcation mode is then a linear
combination of a homogeneous rectilinear deformation and an inhomogeneous perturbation
solution. Let C' be the configuration of the sample corresponding to the considered bifurcation
mode, and let i be the corresponding infinitesimal displacement field. It is assumed that 4, has the
following form:

u=u+qE  (p-0). ¢y

u? is called the trivial mode and is assumed to be a rectilinear deformation (see Fig. lc):
s = quxdy @
i is called the non-trivial mode and is a possible analytical description of the considered
catastrophy form. The perturbation parameter 7 in (1) is a suitably small positive number (Ju?]

and ju}f|» 7 > 0. From (1) the infinitesimal strain tensor ¢; and the infinitesimal rotation tensor w;;
can be deduced:

6= %(uu +uy); o= ';‘(“-'.1 = Uy &

where (+),; denotes differentiation with respect to the x;-coordinate.
The plane strain condition is expressed here by the fact that the displacement vector and all
its partial derivatives in the x;-direction are vanishing:

iy = 0, u= ug(x,, xz) (i =1, 2)- 4
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Fig. 1. (a) Biaxial test with mixed boundary conditions; (b} boundary stresses in C; (c) rectilinear
deformation; (d) shear band bifurcation mode; (¢) symmetric bifurcation mode (bulging); (f) antisymmetric
bifurcation mode (buckling).

For a simple material oy3= 023, =0. Let o; be the principal stress normal to the plane of
deformation, and let o and o, be the other principal stresses in the plane of deformation, see
Fig. 1(b). It is a well established experimental finding that for sand samples under plane strain
conditions o is the intermediate principal stress. If o, denotes the absolutely maximum
principal stress, it is then
0’2<Ug<(7|<0, (5)
where compression is taken as negative.
In plane strain tests it is found that o, is approximately proportional to the mean pressure in
the plane[16]:
a3 =const. ((T| + 0‘2). (6)

Let 5 and £ denote the so-called Roscoe stress measures:
i i
s: =§(“‘+°’); t: =§(0;~02), N

We assume that the perturbation solution né; is so small that the Mohr-Coulomb friction law is
continuously valid. The Mohr-Coulomb yield condition can be expressed in terms of the
mobilized friction angle ¢,, defined by

¢,, = arcsin ( - ::-) )]
sin ¢,, then obeys a strain-hardening rule:

sin ¢ = T(g), ®

where T(-) is a hardening function and g is a finite Eulerian measure of the shearing intensity of
the deformation measured from the initial configuration C,. g is defined as logarithmic strain:

-1 (2)-n ).

where 2B, 2B, and H, H), are the width and the height of the sample in C and G, respectively;
see Fig. 1(a).
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The slope of the stress-strain curve (9) is called the dimensionless hardening rate h, given by

_dT
h_dg' (1)

The most important feature of the present constitutive model is expressed by means of a
non-associated flow rule in which Rowe’s stress-dilatancy principle is incorporated. The
stress-dilatancy equation for the biaxial test reads (6]

“Z=-)7 (12)

where A2 is the stress ratio in the state of isochoric deformation.

According to (6) the increment of isotropic pressure is proportional to the increment As of
the mean pressure in the plane of deformation. Due to the assumed dilatancy constraint, the
increment of isotropic pressure, and consequently As, are regarded as statically indeterminate
quantities.

The constitutive equations are formulated in terms of the increment As; of the co-rotated
Cauchy stress tensor. As; can be computed from the Cauchy stress increment Aoy according to
the following equation[17):

ﬁSg = ﬁm'; — Wl + Ty (13}

The constitutive equations for the considered infinitesimal transition C— (', derived by the
author in[S], read:

Asy = (1 ~sin é,,)As — shie) =~ €3)
A.S'gz=(1+$in Om)As — sh(ep~ €,) (14)
Asiy=2ue;
€+ e = sin v V(e - en) +4eh];
where the last equation expresses the dilatancy constraint and », is the mobilized dilatancy

angle of the material. For the considered perturbation solution (1), (14) can be linearized as
follows:

1 == 82522 (15)
where
8 = tan(45° + v,,/2). (16)

Let A2 be the principal stress ratio in C, which s related to the mobilized friction angle ¢, according
to well-known formula:

$2=§2=§a§(45°+ onl2). an
H
From (12), (15) and (17) there follows finally a simple formula for &:

=A
b=t (18)

FIELDEQUATIONS
The field equations for continued equilibrium for the considered infinitesimal transition
C - C' are expressed in terms of the increment AZ; of the 1. Piola-Kirchhoff stress tensor {17}
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AZUJ = 0. (19)
where the increment AX; can be expressed in terms of the constitutive stress increment Asy, the
prestress oy, the infinitesimal strain ¢; and the infinitesimal rotation tensor w;; according to the
following formula[17]:

AY; = Asy + wuoy; — Ou€y; + Oyeu (20
For the considered state of prestress in C (see Ref. [15]), (19) reads:
Bsyy g+ 85122+ 2wy 2 =0 Q1)

Asy+ Asya + 2wy, = 0.

Substitution of the constitutive equations (14) into the above field equations yields the following
field equations for the non-trivial mode &;:

. 9AF 8%, 3, i
(1-sin ¢"')a_x;_ Sh-ax—ly+{(#+t)+sh} axlax2+(p, t)'a—x-zy.
. dAs _ 3%, 3%, P
(1+sin 4"")_ax, = Sh_”ax, +{(p - )+ sh} 3590, +(p+ t)—}axI 2 (22)

Differentiation and combination of these field equation so as to eliminate A§, which is statically
indeterminate, yield one equation for the displacement components &, and &, Then a stream
function ¥(x,, x,) may be introduced such that the dilatancy constraint (15) is automatically
satisfied:

I @)

The resultant equation (see Ref. [15]) for ¥ reads:
Yo+t bVt eV, =0, (24)

where

b= (a.,-::+ a.)/(l + i)

ay==-A*+8"+ah, a=4/((1-sind,)1-sin v,)sin ¢,) (25)
a|="'(A2+52)
= 1282¢. _1-tlu
c =A%, £-1+t/p.' (26)

Equation (24) is a 4th-order partial differential equation of the mixed type. In the present
analysis only boundary value problems will be discussed for which the type of (24) is always
the same everywhere in the considered body, (bifurcation analysis of the perfect specimen).

Remark

Recently Mehrabadi and Cowin[18] have discussed so-called “‘pre-failure” and *‘post-
failure” solid plasticity models based mainly on the work of Rudnicki and Rice[13] and on the
work of Spencer[19]). Since the stress state inside the shear band cannot be completely
determined by direct measurements{20] only an elaborated post-localization analysis in the
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sense, e.g. of Hutchinson and Tvergaard[21] could illuminate the *‘post-failure” behavior of the
considered material. In such an analysis the elliptic/hyperbolic problem related to (24) is
discussed by matching solutions along characteristics of the perfect solution[21].
Vardoulakis[20] has observed that shear bands in biaxial tests behave always contractant
immediately after localization. This “inversion of dilatancy” and other directional phenomena
observed, suggest the use in post-bifurcation analyses of constitutive models with kinematic
hardening[22] or the use of incrementally non-linear models without yield surface[23]. As we
mentioned above, post-bifurcation behavior will not be considered here.

Band analysis and classification of regimes

For convenient reference we outline here briefly the shear band bifurcation analysis Fig.
1(d), of the considered problem, which appeared in Refs. [4,5]. The condition for the
localization of the deformation into a shear band can be derived from the requirement that across a
shear band boundary the internal and external stress vectors are in equilibrium. Generally the
statical compatibility conditions read (see Ref. [13]):

[AZy)8,=0 27N
where [-] denotes the jump of a quantity across the shear boundary with the unit outward
vector ;. The shear band boundaries are assumed to be stationary discontinuity surfaces of the
displacement gradient. Across such a shear band boundary the following geometrical com-
patibility conditions hold [13]:

[ui.J] = ﬁlﬁh
where i, is proportional to the displacement vector at the shear band boundaries.

Substitution of (14), (20) and (28) into the statical compatibility conditions (27) yields:
(1 —sin ¢,,|)[A$] = Shlilﬁl - (Sh + 0'|)ﬁzﬁ2
‘%:‘{(# = i\ fiy + (u — 8)iy i}

(1 +sin ¢, )[As] = — (sh + ap)il, A, + shil,7i, 29
--::—;{(u = $)i iy + (p + )Ty},

Eliminating [As] from the above equations and using the dilatancy constraint (15) yield the
following well-known form of the localization condition:

ﬁl‘ + bﬁ|2ﬁzz + Cﬁz‘ = 0, (30)

where b and c are given by (25) and (26).
The three possibilities of the solution of (30) can be classified as follows[1]:

E(elliptic): no real #,/#,
P(parabolic): 2 real A/,
Hhyperbolic): 4 real #,/i,.

The localization condition (30) can be written in the form

(:—;)2 =%(- b+ VD), 31)
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where
D ={Aftlu) + A(tlp) + AM(t/u + 17 (2)
and
Ao=(ah - A%+ 82 +4A%5% >0,
Ay =-2A%+8)ah -1+ 8Y),
Ay =(A2- 8% (33)

The discriminant D, given by (32), can be looked upon as a rational function of #/u. The sign
of D depends on the sign of the discriminant

A=Al-4A.A; = 16a*A28%h(h ~ hy), (34)
where
hg = sin ¢,,(sin ¢,, — sin »,,). (35)

hg (R for Roscoe[5]) is always positive. This is a direct consequence of normality not holding
for granular material, expressed by the inequality

O > Ve (36)

Note that the hardening rate at the peak of the stress-strain curve T(g) is denoted by A (C for
Coulomb[5)):

he =0, 37
For h = hg, D(t/u) =0 has always two positive roots, p; and p,:

(A2+82)a(k hel2) T 2A8a VA(h - hg)]
=l ¢8)

Due to Ay>0 one has
D<0for py<tlu<p,. (39)

On the other hand the coefficient b in (30) can be written in the form

PN
b=al(h- hgl2 Tl (40)

where

g= -zTh_‘_'TR; hy = sin ¢,,(1 ~ sin ¢, sin »,,). 41)

The corresponding characteristic regimes of (30) are sketched in Fig. 2, in a (#/u) vs & plot.
According to the proposition of Hill and Hutchinson[1], it is assumed that localizations
occur on the EfH-boundary between E and H.
In order to suppress localization outside E several investigators have developed purely
strain controlled tests[24,25], see Fig. 7. However, Rice [26] has shown that it is always
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Fig. 2. Characteristic regimes of the localization condition.

possible to construct shear band solutions compatible with all around displacement boundary
conditions. This possibility is verified experimentally for fine grained materials like fine sand,
silt or clay[24].

Note that the parabolic regime can be identified for the case #u>1,[1,27]. If u is a
secant-type modulus, the above inequality is true for large shear strains in the order of
magnitude of 100%. For such big shear strains, sand always reaches the critical state. This
means that the consideration of the parabolic regime is only significant if plastic flow in the
critical state is considered. The E/P-boundary and the P-regime will not be considered here.

In the following analysis two types of diffuse bifurcation problems will be discussed: (1)
buckling and bulging and bulging modes, which are significant in a biaxial test with mixed boundary
conditions, and (2) internal buckling modes which are significant in a strain controlled biaxial
test.

DIFFUSE MODES FOR MIXED BOUNDARY CONDITIONS

In this chapter we consider the physically significant bifurcation modes in the biaxial test
with mixed boundary conditions and non-tilting top platen; see Fig. 1(a, e and f). Note that for
tilting top platen the dominant diffuse bifurcation mode is a bending one[4,20). On the edge
x3= H of the sample, a uniform displacement d is prescribed while the displacement on the
cdge x,=0 and the shear stresses on both edges are vanishing. The sides x,=+ B are
subjected to a hydrostatic confining pressure ¢, = - g.. As already mentioned the trivial mode
1 is a rectilinear deformation, expressed by (2). It is assumed that «°; satisfies the kinematic
boundary conditions (Fig. Ic):

ux1,0)=0; u(x,,H)=4d. 42)
For the non-trivial mode the following displacement field is tested:

i = d(x)cos ;@ =d(x)sinyg 43)
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with

x=3 $=mrgm=12...). (44)

This field automatically satisfics the homogencous boundary conditions at the ends of the
sample:

ly(x1,0) = ity(x), H)=0; €pxxy,0) = é€pa(xy, H) =0, (45)

From (23) and (43) it follows that the appropriate stream function reads
B .
¥ =gi() sin ¢, (46)
where
K= mﬂ% @

characterizes the physical slenderness of the sample.
Using (23) and (46), the following expressions can be derived:

E-|| - E—zg =-Bl8!(1 + Gz)ﬁ' cos lﬁ
26,,=B;K§,(a"+x=s=a) sin ¢, 8)

2y = 3%,(17"— K?8%2) sin ¢

where ()’ denotes differentiation with respect to the dimensionless height-coordinate .
The following representation of the mean pressure increment A§ is consistent with the
displacement field (43) introduced above:

A = 3(x) cos ¥ “9)
From (22), it follows that
§ =T-;;-i%a:-m—(l,5,{(p+x)a"+ KU6%u - )+ (1 + 8)sh}i), (50)

Substitution of ¥ from (46) into (24) yields finally the well-known governing differential
equation for the considered bifurcation problem [1-3]:

a" - K*ia"+ K*ci = 0. (1)

The solution of (51) is of the form

4
a(x)=,§C;exp {Kay}, 52)

where q; satisfies the characteristic equation

a,‘ - ba,z +c=0. (53)
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When «a is replaced by ia, where i = V(~ 1), the above characteristic equation transforms into
an equation similar to (30). The character of the roots of (53) depends on whether the state
variables lie in the elliptic or in the hyperbolic regime of (30).

Boundary conditions

For the considered infinitesimal transition C— C’, the confining pressure o, is assumed to
remain constant. The boundary conditions for the unconfined sides of the sample (y = *1)
express the fact that a traction of constant intensity always acts normally on these boundaries.
Mathematically this condition reads

AZn; = oo (nedy — i) uy, (54)

where {n;}” ={+1,0,0} is the outwards boundary normal. Substitution from (20) and (14) into
(54) yields for

x==%1 Au+héy=0; AF,=0. (35

Using (14) and (48)-(50) the boundary conditions may be expressed in terms of i; i.e. for
x= =1,

é,=0;, @"+K%%i=0
(56)
Asy =0 &"+KPi'=0,

where
) _(s2 [
P —{ (6 +ah)—“+8 }I(l +1Hu). (57

Symmetric bifurcation modes are characterized by the condition: i(y) = — (- x), Fig. 1(e). In
this case is the solution (52), C;=C,=0; i.e.

lsym = Cyltgy+ Gail ). (58)

The bifurcation condition can be derived from the homogeneous boundary conditions (56), if
we ask for non-trivial solutions for C, and C,. For y =1 (56) and (58) yield

{ag) + K*Pig{ity + K*6 i} = {ag) + K*PipHiat, + K*6%dq)}. (59)

Antisymmetric bifurcation modes are characterized by the condition: i(y) = i(- x), Fig. 1(f).
The bifurcation condition for y =1 is expressed by (59) by replacing the subscripts (1) and (2)
by (3) and (4), respectively.

EIGENVALUEEQUATIONSIN THE E-REGIME

The assumption that the incipient shear modulus g is a secant-type modulus means that u
decreases monotonously during the deformation Cy— C and that it remains always positive. On
the other hand the stress difference ¢ is also positive and increases primarily until reaching a
maximum value beyond the peak of the considered stress-strain curve T(g). [It can be shown
that the maximum load condition in the biaxial test with constant confining pressure and for a
hypothetical homogeneous rectilinear deformation is attained in the softening regime for
h = —(1/2)(1 + sin v, X1 —sin ¢,,) sin ¢..] This means that #/u must be a positive, monotonously
increasing and convex function of & in the hardening regime. The actual state path Co— C in
the state space (#/u, h) must for consistency lie in the elliptic regime before failure, see Fig. 2.
At some critical state C* that state path will intersect the E/H-boundary. At the moment of
intersection localization is possible and it is also assumed that it actually occurs. Note that the
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theoretical predictions for the shear band inclination, based on the above model, were in good
agreement with the experimental data[5]. The search of diffuse modes of the form (43) is
therfore physically meaningful in E and on the E/H-boundary. In H, diffuse modes are only
significant in strain-controlled tests, where it is always possible that diffuse and localized modes
develop simultaneously. Such diffuse modes in H will be discussed separately in a later
chapter.

The elliptic regime E, shown in Fig. 2, is divided into two subregimes: the elliptic complex
subregime EC and the elliptic imaginary subregime EI[3]. In EC the roots of {30) are complex
conjugate pairs, while in EI they are purely imaginary.

The EC-subregime
This subregime is given by the inequalities

h > hg; P|<‘::<Pz- (60)

The solutions of (51) are e** and ¢*?, where

z=Kay; a=M+iN; i=V(-1),

wefld) vl

The symmetric solutions are given by

il = Re{sin hz} = sin h(KMy) cos(KNx)

ligy = Im{sin hz} = cos h(KMy) sin(KNy), (62)
and the antisymmetric solutions are given by

ii5 = Re{cos hz} = cos h(KMy) cos(KNy) .

liw = Im{cos hz} = sin h(KMy) sin(KNy). (63)

Introducing (62) or (63) into the bifurcation condition (59), one asserts the following eigenvalue
equation, see Refs. {1-3]:

sinhQKM) _ . M A8+ V(83 +ahf2) )
sin QKN) ~ ~ N A8 -V &8 +ahl2y

where, as throughout this chapter when two signs appear, the (+) sign applies for the
symmetric modes and the (- ) sign applies for the antisymmetric modes.

The El-subregime
This subregime is given by the inequalities

h>hg; tu>max{p,q} (65)
In this case the solutions of (51) read:
ﬁ(n = Sin h(KaX ); ﬁ{}) =sin h(KﬂX)

ﬁa) = C0Ss h(KO.'X}; ﬁ«) =CO0S h(KﬂX ),
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where

= \/(%(b +\/D)); B= \/(%(b - \/D)). (67)

The eigenvalue equation reads:
tan h(KB) }“ _B@’+8)p2+P)
{tan h(Ka- o7+ PYET+ Y (68)

The E/H- and the EC|EI-boundary
The boundaries are characterized by the condition D=0. On the E/H-boundary the
eigenvalue equation takes the form,

sin QK“V(c))_ , (Vic) - X Vic) - P)) (9)
2KV (cy) T (@3V(e) - PX(V(e) - 8)-2V(e)XV(e) - Py

where ¢, and P, are the values of ¢ and P, respectively, for #/u = p;; see (26) and (57). On the
EC| EI-boundary the eigenvalue equation reads:

sinhQK*V(c)) _ , (Vi) + 8 V(c) + Py)
2K*V(cy) T (3V(c) + P)(V(cy) + 89 =2V(c)(V(c) + Py

(70)

where ¢, and P, are the values of ¢ and P, resepctively, for #/u = p,. For t/u = p,, (69) yields
the lowest critical slenderness corresponding to some given hardening rate A:

K.= mgn(K). an

For h = hg the two bifurcation roots expressed by (38) coincide, and their common value,
denoted by pg, reads:

2_ 82
g 7

For p, = pr, Vic = 6 and (69) yield the maximum of the lowest critical slenderness:

max K, = (73)

7
25%
Equation (73) reflects the fact that dense, dilatant samples are less sensitive to diffuse
bifurcation than loose, less dilatant or contractant samples. As it will be demonstrated in the

next chapter, (73) represents a fairly conservative lower bound for the critical slenderness; see
Fig. 5.

Short wave length limit

The bifurcation mode corresponding to the short wave length limit [3] can be computed
from (64) and (68) by setting K —»o (m —>; see (47)) which yields the following eigenvalue
equation

_ A
VE= T ahy (74)
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For h = hy (74) yields t/u = pg and for h—>= the short wave length limit approaches the
E/P-boundary from the interior of E; see Fig. 2. For overcritically dense sand specimens the
shear band obliquities measured are always higher than the corresponding ones for #/u > pr[S].
Accordingly for overcritically dense sand specimens the shear band bifurcation is not initiated
by small imperfections in the geometry of the specimen but probably by imperfections in the
porosity distribution which cause local variations of the soil stiffness. In contrary for under-
critically dense specimens (f/u - 1) a sensitivity in surface imperfections is to be expected.

COMPUTATIONAL RESULTS

The eigenvalue equations (64), (68), (69) and (70) are evaluated for some sets of material
properties which are characteristic for over-critically dense, medium grained sand. This special
choice of material properties is made in order to compare the computational results with the
experimental fildings[4, §,27]. The computations showed that the analysis can be restricted in
the vicinity of the peak of the assumed stress-strain curves. This is because the computational
critical slenderness at states with high hardening rates are extremely low. In the vicinity of the
peak the mobilized friction angle ¢,, and the mobilized dilatancy angle », are approximately
equal to their peak values ¢, and »,, respectively. According to Rowe[6] the stress ratio A2 in
(12) is set equal to the one in the critical state:

A =tan (45°+ ¢,/2), as
¢ = 34° (76)

is the critical friction angle of the considered sand(4, 5, 27]. Table 1 summarizes the material
properties for two characteristic porosities of the considered sand[5].

The range of variation of the hardening rate h is linked to the experimental finding in the
biaxial tests with the considered sand that localization appeared for critical hardening rates h*,
estimated by the following equation{27}:

h* =2.5/(1 + 8%). an

Figures 3 and 4 show the computational results for antisymmetric bifurcation in E for dense
and medium dense sand samples. The corresponding eigenvalue equations are solved iter-
ratively in terms of the engineering slenderness 2B/H by scanning the elliptic regime in the
range kg <h <2, p; <t/ <1. The results are plotted in (#/x vs h)-diagrams, where contours of
constant slenderness are depicted. By comparing Fig. 3 and Fig. 4, it follows that medium dense
samples are more sensitive to diffuse buckling than dense ones. For A* estimated from (77),
only very slender samples will show diffuse buckling. This result is supported from the
experimental evidence that for dense and medium dense samples no buckling was observed
{4, 5,27}. For the medium dense samples with 2B/H-= 0.32 at peak and h* = 1.14 from (77), the
minimum critical slenderness according to (69) is 0.33. This means that diffuse buckling can
only develop in the vicinity of the E/H-boundary. By passing the E/H-boundary, shear bands
are formed. Consequently the development of the diffuse mode is interrupted at its beginning.

The lowest critical slenderness, (2B/H),,, for antisymmetric bifurcation is computed in the
range kg < h <2 and for the two sets of material properties listed in Table 1. The results are

Table 1. Material properties for some characteristic initial porosities ng of a medium grained sand; see Ref. {5} and
eqns (18), (75) and (76)

Classification {ng) LS Vp

*) *)
dense sand {36%) 47. 16.9
medium dense sand {43%) 38, 4.9
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Fig. 4. Diffuse antisymmetric bifurcation modes in the elliptic regime; medium dense sand.
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shown in Fig. 5 in a 2B/H),, vs h plot. According to this figure, (2B/H),, increases with
increasing porosity and depends sensitively on the hardening rate h. This sentivity is much
more pronounced as h approaches its limiting value hp. As shown in Fig. 2, the critical
hardening rate h* is determined by the intersection of the actual state path and the E/H-
boundary. Consequently the results shown in Fig. 5 actually reflect the sensitivity of the
bifurcation solution on the actual value of the incipient shear modulus u.

A typical result concerning the symmetric bifurcation modes is shown in Fig. 6. It follows
from this figure that bulging is not significant in the biaxial test.

INTERNAL BUCKLING IN A STRAIN CONTROLLED TEST
In a strain controlled test like the one sketched in Fig. 7, the bifurcation modes shown in
Fig. 1(d)~(f) are kinematically impossible. For that reason this test has been proposed for
performing homogeneous deformations throughout{24,25]. As we mentioned above shear
bands cannot be suppressed in general by pure kinematic control [26]. In the following we shall
consider the possibility of also diffuse modes in the strain controlled test. In a test like this, for
reaching the limiting condition and passing into the softening regime of the hardening rule, the
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Fig. 7. The strain controlled biaxial test.

strain rates must always satisfy the momentaneous dilatancy constraint; see Goldscheider{28].
Under these circumstances Biot’s problem of internal buckling[1, 15] is meaningful and can be
formulated within the framework of the above illustrated perturbation analysis. For

¥ = Ccos (x,)cos (§,), C= u.,l(g’{-’;) (78)
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where
=T X =mwx
Xn = 7 L, Um 7 L, (79)
the non-trivial displacement field reads:
@ = - upcos (xa) sin (Ym); iy =§:“r sin (xa) cos (¥im), 80)
with
=nL
r=— I 81)

For odd numbers n and m this displacement field satisfies the following homogeneous boundary
conditions.

for

for
Xy= % Lz: liz = 0, E;z ={. (82)

introducing ¥ from (78) into (24) yields
r+br+c=0, (83)

The characteristic equation (83) is similar to the characteristic equation (30) for the shear band
analysis. Consequently (83) possesses one pair of symmetric solution for r on the E/H
boundary and two pairs of symmetric solutions in H. It should be noted that the characteristic
directions (31) are zero extension directions for the displacement field (80). Consequently it is
possible that internal shear bands and internal buckling develop simultaneously.

CONCLUDING REMARKS

The present analysis has yielded the theoretical background to the working hypothesis that
the biaxial test with mixed boundary conditions and non-tilting top platen performs homo-
geneous deformations until failure. The analysis shows that this hypothesis is true for
overcritically dense specimens if these specimens are not extremely slender. Since the state of
failure is that of the localization of the deformation into a shear band, a homogeneous
rectilinear deformation can be performed in a biaxial test with mixed boundary conditions up to
states very close to the peak.

On the other hand the strain-controlled biaxial test could allow for homogeneous, rectilinear
deformations also in the hyperbolic regime if the specimen were perfectly homogeneous and if
internal shear bands and Biot’s internal buckling do not develop. The analysis indicates, however
that both bifurcation modes are to be expected. Whether internal shear bands and/or internal
buckling actually develop or not, cannot be answered definitely on the basis of the present
bifurcation analysis. The behavior in the hyperbolic regime of a sand specimen in a strain-
controlled test will be easier to analyse if precise measurements of the strain field are known.
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